Enhanced Programme on Promoting Mathematical Modelling for
Teachers and Students in Secondary Schools
Student Workshop 2025/26 (Senior)

i L _%(’@'?c_'r'%njriﬂ
B4 T {EL; 2025/26 (FH)

Part I: I\/Iathematical Modelling
F—E 0T - B AR R o

Prof. Gary Pui-Tung Choi ZiifEEd%
Dr. Jeff Chak-Fu Wong =2 E @+

)

Department of Mathematics, The Chinese University of Hong Kong

BT SUOREHE &




What is I\/Iathematlcal Modelling?
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Mathematical Modelling is ... B3 2

N

Understanding a real-world problem using mathematics
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Mathematical Problems in Real Life ¥ &4k & J1 Ay B EE R RE
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exponential growth

population size

O min

Y

time

Source:
https://en.wikipedia.org/wiki/Exponential growth
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Source:
https://www.themanual.com/auto/types-of-car-racing/
https://www.simscale.com/blog/cfd-analysis-for-beginners/
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https://en.wikipedia.org/wiki/Hang Seng Index

Source:


https://en.wikipedia.org/wiki/Hang_Seng_Index
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Snowball Smash

©Disney

Source:
https://en.wikipedia.org/wiki/Snow
A. Stomakhin et al., ACM Trans. Graph. (2013) htips://www.youtube.com/watch?v=00kyDKu8K-k
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Features of Mathematical Modelling S22 /2 FE 45 EE

° Interdisciplinary 825
« Science F}&
« Technology F}
« Engineering T2
* Art 2
« Mathematics #E2

o Target-oriented but exploratory Bt E.BH g HEINE ST
« Tackle a concrete real-world problem

(8 B AGH IR B A TR R
« Explore different mathematical approaches

RERAERRETTA




Features of Mathematical Modelling 8{E2 /2= Ay FE

° Interdisciplinary 825
« Science F}&
« Technology F}
« Engineering T2
* Art 2
« Mathematics #E2

o Target-oriented but exploratory Bt E.BHE HEINE BRI ?

« Tackle a concrete real-world problem

i —(E B ARV TR E A S M

« Explore different mathematical approaches

A EIEE T A
o Creative but rigorous BB A EINEE BRE M

/—‘/’—‘ )—‘—r

* No “correct answer” 95 ' [FHEEZE |
« Require justification of the models developedzE Z {5 <7 157 1T AYFE A




Mathematical Modelling Process
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Mathematical Modelling Process $4E2 Z2E 5 3512

Mathematical Modelling Process
5 Steps of Mathematical Madelling
. ﬂ?iﬂ%ﬁﬂﬁ
° 1. Analyzing the real-world problem W S i

SRR SR R B

Real-world problem ¥ Bt FLTE

° PrOblemS arising in everyday Iife, l 1. Analyzing the real-world Problem 43 #7 R Bt FL RO RE
SOClety, and the Workplace l 2. Formulating the Mathematical Model 21782870
El %éjﬁ A $i$ DI{/E:[:% F‘ ﬁ HH 'CEIEEEI/\] ﬁﬂ% Mathematical model % E 57y

» Understand the problem background l > Soling the Mathematical Model SRRFREEIE
T @5[3 ﬁ:ﬁ & jb E[ Mathematical solution E2 517

° Locate releva Nt |nformatlon 4. Interpreting the Mathematical Solution FFFEBER BRI AR

Y

?ﬁj{ta E% A/_)L:HI Real-world Solution 5 & [t LY fig

5. Evaluating the Mathematical Model §F{hB 22 {EAY

12



Mathematical Modelling Process #2325 1 2

Mathematical Modelling Process
5 Steps of Mathematical Madelling
B AR

° 2. Formulating the mathematical model BRI 5 Hi

TR Y

Real-world problem ¥ &t 55 5E

° Ma ke SU |ta ble assum pt|0ns /f/llff ":E[ @ T /fE/%%‘Q l 1. Analyzing the real-world Problem 43 R Bttt LA

l 2. Formulating the Mathematical Model E 17 8758170

[

Ak

==

» Identify important factors % HEENZE Mathematical model #5151
° CO”eCt the Correspondlng data L[Q;’EJFE@EQT% l 3. Solving the Mathematical Model KRS EERY

Mathematical solution S7E2FEHAY Y fiz

« Construct suitable models 74 sl

4. Interpreting the Mathematical Solution fEFE B E R AR

« "All models are wrong, but some are useful” v
[ )ﬁﬁﬁ){tﬁﬂ%ﬁ%ﬁ%é@ ’ {Eﬁ%%%‘}zﬁ El/‘] | Real-world Solution FF & i FiLAY i

5. Evaluating the Mathematical Model FF{LE B E2 R

13
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Mathematical Modelling Process
5 Steps of Mathematical Madelling
B slaE

® 3. Solving the mathematical model B S H

SRR -

Real-world problem ¥ Bt FLTE

[1]

Mathematical Modelling Process #7222

» Utilize theoretical and/or computational | 1 Anayng th e word Proem 557
tOOIS tO SOIVe the mOdeI l 2. Formulating the Mathematical Model 17 B{EE{5HY
Z\Z%JEH £%§%Hﬁ$ D/ E‘Z§+/;E:IE‘*%E7F§@ Mathematical model FE2f5H Rl

° M athe matical derivation %&%j{ﬁg l 3. Solving the Mathematical Model 3K #Z BB R

Mathematical solution #ESFEHI ) fig

« Using IT tools for exactly getting or
approximating the solution |

;FU}EH T Iﬁ*%ﬁﬁg‘f‘;‘g:&{ ;‘E:Tﬁﬂé/\jﬁﬁ Real-world Solution I & {it LAY fiF

4. Interpreting the Mathematical Solution fEFE B EFEAIAAE

5. Evaluating the Mathematical Model §F{hB 22 {EAY

14
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Mathematical Modelling Process $4E2 Z2E 5 3512

Mathematical Modelling Process
5 Steps of Mathematical Madelling

° 4. Interpreting the mathematical solution: i

s S bitl) T

. . . . Real-world problem FF & FLR5
« Converting numerical results into practical terms,

e.g., explaining what a calculated value represents l 1. Analyzing the real-world Problem 53175 Bt 57 filf
in the real World prObIem H%%Q{EZi%$ﬁT%EB%§ l 2. Formulating the Mathematical Model Eﬂﬁgﬁ@
=B Pl B E R B R TR -
« Best-fit parameters in the solution w{iﬁéﬁ}%{ Mathematical model B S5 4!
« Value at a certain time point 55 2 HF BV {E
. Graphica| visualization ﬂé?ﬁ%{b 3. Solving the Mathematical Model 3K i8I 22 {5ERY
« Focusing on the implication of the solution to Mathematical solution $ERfEHI
address the real-world problem
%‘EF? T @ﬁﬁ%{[‘; Ig F‘l:ﬁ EEE]’] = é‘r\g; 4. Interpreting the Mathematical Solution fEFE B E R AR

Y

« Emphasizing how the model findings align with or Real-world Solution SEF it Fi

illuminate the aspects of the real-world problem,
without yet judging the model’s overall quality 5. Evaluating the Mathematical Model SEAE S8y
iR o P R 45T B AT (e BB B R 25 {1 P T AH 2
RO E PR - TR TR e E R A ARG e
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Mathematical Modelling Process #2325 1 2

Mathematical Modelling Process
5 Steps of Mathematical Madelling
B slaE

® 5. Evaluating the mathematical model B S H

ST BB BB

Real-world problem ¥ Bt FLTE

° Assess the accu racy to Judge Whether l 1. Analyzing the real-world Problem 43 B Bt LR R
the mOdel ad eq uately represents the l 2. Formulating the Mathematical Model Z 17 B2 HAY
real-WOr|d prObIem %‘ilz{éﬁtﬁﬂé/\jiﬁﬁﬁ)rﬁ ’ Mathematical model #jE2fEi T

PIAETH AL E S RE 70 0 AR B PR M E

l 3. Solving the Mathematical Model 3K 2B E{ERY

« Check whether overfitting/underfitting Mathematical solution #{%1f#
occurs & Em A Bt S/ KiEa ISR

4. Interpreting the Mathematical Solution fEFE B EFEAIAAE

Y

« Test the model against other data Real-world Solution SEF it Fi

{50 FH E At B A A

5. Evaluating the Mathematical Model FF{LE B E2 R

16
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Mathematical Modelling Process #2325 1 2

Mathematical Modelling Process
5 Steps of Mathematical Madelling
B AR
SRR 5 Tl

°* Mathematical modelling is Rl word orobem 4 5
. . eal-worlia probiem . i) iEH
an iterative process!

%ﬁ%%*ﬁ%_{?@}%ﬁﬁg ! l 1. Analyzing the real-world Problem 43 #ER Bt FL R E

l 2. Formulating the Mathematical Model E 17 8758170

* Identify room for improvement Mathematical model #5571

I H DU ZE [H]

l 3. Solving the Mathematical Model 3K 2B E{ERY

° Reﬂne the mOdel dsS needed Mathematical solution ZEEFERI g

i S BE 2 22 R
fEI(TZﬁ 3= U= *E‘\J_EI:J.
4. Interpreting the Mathematical Solution RSB EE SRR

Y

¢ ngeat (1) — (5) Real-world Solution ¥ & i FLffig
B PER (1) - (5)

5. Evaluating the Mathematical Model FF{LE B E2 R

17



Example Modelling the Growth and Form in Biology

AR TOAR A R 5

°* 1. Analyzing the real-world problem:

Zag e N YR

« Studying the growth of biological
shapes in the world

AV AR T AR

* How to represent the change in shapes?

AR REIYEE(E ?

ON GROWTH
AND FORM

The Complete Revised Edition

D’Arcy Wentworth Thompson

D’Arcy Thompson, On Growth and Form (1917)

18



Example Modelling the Growth and Form in Biology
FVIE TP IAR A R B A

° 2. Formulating the mathematical model:

21T B

« Assume 2D shapes &%/ 4B E

* Collect data from images or scans

fes A5 Bm T R B

« Constructing a model ZE171EAY :
« Uniform scaling 5 =4

(x,y) = (mx, my)

* Non-uniform scaling FE35 5 4aE74:

(x,y) = (mx,ny)
» Scaling and tilting 451 & FER:
(x,y) = (ax + by,cx + dy)

19



Example: Modelling the Growth and Form in Biology
FVIE TP IAR A R B A

o 3. Solving the mathematical model:

KRR

o Utilize IT tools to extract coordinates from
the image data

FIA T TEFE BB R EUAER

« Solve for the best fit parameters for the

chosen model

K P B A i FERRE & 28

20



Example: Modelling the Growth and Form in Biology
AV TP I AR A R B A

o 4. Interpreting the mathematical solution:

R SRl

» Are some of the fitted values much larger than the others?
FERE S E G E AR EAE ?
« |f so, itimplies that the species grow more rapidly in one
direction than some others

WFRE - AR YRR T 7] BV A R R LR A 7[R BEER -

Do we have a generally good fit for all species and all growth
periods?

HITE SR FrEYIENFTE A RIEEESE Barayits 7

« If so, it means that they all grow constantly over time
WHRE - AR EMER R E A & -

« If not, it means that the growth rate can be different for different
species and/or different developmental stages

WRATZE > AIFRIRAE VIR A [E] P& Ay A R 2R 5 AT REAE] -

21



Example: Modelling the Growth and Form in Blology
AV TP I AR A R B A

e 5. Evaluating the mathematical model {58 B

« (Calculate the average/maximum/minimum error to
assess the model accuracy

S E R KR/ Nar 2 D S L iR AT RS

« Test the model with more other species {5 F 55 2 4fe Rz Y

* Refine the model 4 #EFERT:
« Use a nonlinear (curve-like) growth model instead of a linear model?

(EFAZESRME (&R S RBEAIAOE RIS ? AN\

« For different classes of biological shapes, we may need different models? oML
FIAEPEARI YIRS - TR gEFE ZEA (AR ?

« For different regions or growth periods, we may need different models?

HIAFRYER B R PG B > BT Al el ZA FIRVEAL ?

22



How to apply mathematical modelling Iin
real life”?
QAT AE R A U P B A 7




Mathematical Problems in Real Life FH & A & th g B R

~ —

o Consideration in buying products

{8 E E RS R

* Price of the products & T {Ef%

» Quality of the products £ 54/& 2
 Capacity K=
 Durability ifif FH 14

« Speed [T




Mathematical Problems in Real Life FH & A & th g B R
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o Estimating future population growth World Population by Year

AR AR -
Year World Population Change

° Year j'_:lf_{rﬁ:} 2024 8,161,972,572 0.87 %

2023 8,091,734,930 0.88 %

. —_ 2022 8,021,407,192 0.84 %

) POpu Iat|0n A l:[ %ﬁ% 2021 7,954,448,391 0.86 %

2020 7,887,001,292 0.97 %

2019 7.811,293,698 1.05 %

2018 7,729,902,781 1.10 %

2017 7,645,617,954 1.15 %

2016 7,558,554,526 1.18 %

2015 7,470,491,872 1.20 %

2014 7.381,616,244 1.23 %

2013 7,291,793,585 1.26 %

2012 7,201,202,485 1.27 %

Source: https://www.worldometers.info/world-population/ .
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https://www.worldometers.info/world-population/

Mathematical Problems in Real Life FH & A & th g B R
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° In many problems, we will obtain data points and analyze them

FEET2 MRS JM g BRI F AT

(Price (&%, Capacity =)

(390, 512)
., (800, 1024)
(1450, 2048)

(2000, 4096)

(Year, population in billion)

(-, A (HE)

(2012, 7.20)
(2013, 7.29)
" (2014, 7.38)

(2023, 8.09)
(2024, 8.16)




Mathematical Problems in Real Life H
o Data points B L

A=(1,3), B=(2,15), C =(5,6),
D =(4,3), E = (6,5.75), .. :

=]

® \What if we have more data points?

RFRATE E SRR - BT 7 ;

e M

~ —

G

YRR A

27



Mathematical Problems in Real Life H

e M

~ —

= T NS R R

® |n this case, it is common to use subscripts to represent different data points:

EERN T BTG A MERRA R EERES

p1 = (x1,¥1)
P2 = (x2,¥2)

p3 = (x3,¥3)

Pn = (xn: Yn)

8

2

7

28



How to Find Trends from Data? 4[{o] ¢ & -

® |n some cases, we can easily see the trend in a dataset and even draw a straight

line passing through all points

s

=t )

RPIAE

ERLEEFH T BT DIB B e B F th ik i & 2R ESRF BT

&8

29



How to Find Trends from Data? Z[{a[ 7 &3 i H R ?

® |n some cases, we can easily see the trend in a dataset and even draw a straight

line passing through all points

ERLEEFH T BT AR e B Fa T

&8

AR &R RESRSEATE RS

30



How to Find Trends from Data? 4[{o] ¢ & -

° What if the data points do not form a
straight line?
B2 » HRBIBROL AP —RE SR
TE VIR 7

e In this case, can we find a “best-fit”
straight line?

TERLEEIRI T BMIRe a1
| EREERG ) HARIE Y

e How to define “best-fit’?
W eSS | efERE ) ?

REse

L

AR

31



How to Find Trends from Data? 4o it &g 3% 4 i 2

o Exercise &34

« Use our Find What Fits R Shiny tool :
FIATMHT T S 4R R Shiny T A s
https://www.math.cuhk.edu.hk/app/mathmodel/tool.html ]

« Create a data file using the data points “‘ AR
shown on RHS s
ST ST < | v I

1 3 o iL

« Consider different criteria ! !
to define a “best-fit” Z 1.5 i &
straight line 5 6 :
%%KEE@*%%%I?% 4 3 -1 0 1 2 3 4 3] ] )

ARG ) B8R = | 5o


https://www.math.cuhk.edu.hk/app/mathmodel/tool.html

Finding What Fits with R Shiny #[FR Shiny T B % HH R EH 4R

For the CSV/XLSX
| file, there should be
° Step 1: Upload the dataset B - 2columnsofdata,
_L[:%AHA 1 J:{% 1‘4% 15: 40 5:
3.80  65.00
2.90 T0.80
File format: 1000 72.00
- CSV 12.00 24.00
) XLSX 20.00 108.50
- TXT

® Step 2: Explore different e
definitions of “best-fit” line "
ThR 2 R | aERS
SRR EEE

For the TXT file,
the entries should be
comma-separated.

XY
1.5,40.6

3.8,65

2.9,70.8
10,78
12,84

20,108.5

33



Mathematical Modelling Methods
and Tools

BB AR AN T A




Linear Regression 4§47 B

®* As we can see, there can be many definitions of “best-fit"!

TR VER] - | EfEfts ) ARG EER |

* For consistency, mathematicians define the “best-fit" straight line as the line
that minimizes the residual sum of squares

Ry TR ENE - BERSGR | EREE ) ESRER M/ MEEGE NI EY




Linear Regression 4§47 B

® The “best-fit” straight line is defined
as the line y = ax + b that minimizes

the residual sum of squares RSS, Best-fit straight line

where BRSO HES L
RS ERERRRMEBRT IR Y20l 4313 LT
RSSHNE#& y=ax+b - ,.—\ \ e

RSS = (y; — (ax, + b))
+ (yz — (ax, + b))
+ (y; — (ax3 + b))2 + .-

+(yn — (axn + b))’

(le yl): (Xz, yZ)t Ly (Xn, yn) are the
given data points 245 & YR EE



Background Knowledge: Summation Notation KR 5%
° Summation XFIRF5E

n

in =X1 T+ X + -+ X,
i=1

Example:

fx;, =2,x, =5, x3 =3, x, =12, then
4 4
in:2+5+3+12=22, in2=22+52+32+122=182
=1 =1

More examples:

5
2 2k = 2(2) + 2(3) + 2(4) + 2(5) = 28

=2
z 2 2 . 2 . 2 . 2 77
m+3 —-14+3 043 1+3 2+3 30

m=-1 37




Linear Regression 4§47 B

® The “best-fit” straight line is defined
as the line y = ax + b that minimizes
the residual sum of squares RSS,
where
ERC R ERNE/M I:%%J?ﬁﬂ
RSS HVE %?y—ax+b » H.O

N

RSS = (y1 — (ax{ + b)) + (yz — (ax, + b))z °

+ -+ (yn — (ax, + b))2
= 2()&' — )7i)2
i=1

(le yl) (XZJ yZ) (xn' yn) are the
given data pomts B 4o VIS B
« 9; = ax; + b is the fitted value ZHEtS1H

Best-fit straight line
A S B4R
y =2.01x + 3.13

.
"’
s * P M
N e e
o' -7
L] -

[ e .

e .& °*
L] o ™

g .
s o
L7 .
/’.
g Y L]
-
—/’ .
-
-
)
-
-
v
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Linear Regression 4§47 B

® The “best-fit” straight line is defined
as the line y = ax + b that minimizes
the residual sum of squares RSS,
where
HEERSEHER /M I:%%—Zﬁﬂl
RSS HVE %?y—ax+b » H.0
RSS = (y1 — (ax; + b)) + (yz — (ax, + b))2

+ -+ (yp — (ax, + b))2
= 2()&' — ¥)?
i=1

(x1,¥1), (x2,¥2), ..., (x, ypn) are the
given data points Ei ERVEEES

« 9. = ax; + b is the fitted value E&¢&1{H

Best-fit straight line

BERIAES o

y = 2.01x + 3.13

r Each of these gray lines

’ shows y; — ¥; for one data
point EEFR I AR TR E Y
—(EEIE Ry — 9

Size

39



Linear Regression 4§47 B

o A very natural question: How can we find the values of a and b in the best-fit model?

—{EZER H AR ¢ BT E R RS A T E] a R b FY(H ?

°* Mathematically, we can derive the solution using Calculus and Algebra to get the
optimal a and b for y = ax + b:

B L AT DAE AR o A RS S EAE v = ax + b R (EHY a Al b:

Summation kRIF5% " "
in:x1+x2+...+xn a:n(z lyl)_(z l)(Zl 1yl)
=1

E);calrlp;e,.x2=5,x3=3,x4=12, n(zl 1 l) (Z )

then

4

in=2+5+3+12=22, b — l 13’1)(21 1 X{ ) 1)(21 1xlyl)
i=1 -

4

in2=22+52+32+122=182 n(zl 1 l) (Z )

i=1

o Detailed derivation can be found in our e-book & A B I IR E T-E



Background Knowledge: Vectors and Matrices [ & f1%E[E
° Vector o= :

(LT

(g)(é),(z 5 8), ..
o Matrix 4EfH : 4 -
GG 2)C D o)

o Basic operations EAAHEE :
(a b>+2 e f\ (a+2e b+2f (a b)(x)_ ax + by
c d g h)] \c+2g d+2h) c d/\Y) \cx+dy
° Determinant of square matrices J5FERIT 751 =

a b|_ .,
‘c d—ad bc

41



Linear Regression £5/4:2[ml
° Deriving the solution using Calculus and Algebra {5 & 77 FI CEHEZE:

Differentiating with respect to a:
HaXE:
oU
- =

0 9
é%Z(yz—a—bmz) =0

0

i=1 i=1

U= Z:(yZ —a — bx;)’
i—1

Differentiating with respect to b:

¥t b K& :
oU
F
0 <& 5
é% (y; —a—bx;)* =0

= 2Zn:(yz- —a—bx;)(—xz;)) =0

1=1

= Z(ylscz —az; —bx?) =0
i—1

n n n
= Zyiwi —aZ:cZ- —wa? =0
i=1 i=1 i=1

= zn:yiwi = azn:azi —I—bzn:a:%
i—1 i—1 =1

Then we have a system of
linear equations:

BFSHIAT AR

(N n
Zyi :naerin
i=1 1=1

n n n
E Y; X; :aE wi+bg :1322
[ i=1 i—1 i=1

42



Linear Regression 45 4RI B

® \We can solve the system of equations

BTl LK 51 4H

(N

Zyz- —'n,a,—l—bZ:a:Z
Zyzaf:z —aZa:z—H)Z:v

\Z].

using the following formula (called the Cramer's rule):

MR A (T8 R A5 7AA10)

>y 2T noy

Xy Y2t Yyye-Yayy p_ 12t dyz| _ mYyr—>zdy
no e nY a? — (Y z)* no | aYya?—(Ya)
>x Y @ x> x?

(covered in M2!)



Linear Regression 45 4RI B

e Too complicated? Don’t worry!

TAEHET 2 AHPEL |

°* Computationally, we can use our Linear Regression R Shiny tool
to find the best-fit straight line y = ax + b

T E G E > FAMTAILUER R Shiny G EEs T BARIPIR ARG HSR y =ax + b

https://www.math.cuhk.edu.hk/app/mathmodel/tool.html
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Linear Regression with R Shiny FJf] R Shiny {745 M 200 g

L&

File format:
* https://www.math.cuhk.edu.hk/app/mathmodel/tool.html - %é’{,ma

- XLSX
- TXT

Step 1: Upload your own dataset

SRR HEERE
VER EF VRS S For the CSV/XLSX file,  For the TXT file,

T e — there should be 2 the entries should be
Lhasr Bapessn columns of data. comma-separated.
ristres e L - I LRS- + o x

LmarRmaHnn = . A B XY
llllllllll (I Size Cost
e e p) 4675  92.64 1.5,40.6
3 4218  88.81 2.8.65
4 41.86  86.44
: ) .w 5 43.29 88.8 8.9.70.2
T, 6 4212  86.38
; ) 7 4178  89.87 10,78
e . 8 41.47  88.53
— " 9 4221 91.11 12,84
b 41.03  81.22
— 39.84  83.72 20,108.5
— 39.15  84.54
S 39.2  85.66
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Linear Regression with R Shiny FJf] R Shiny {745 M 200 g

® https://www.math.cuhk.edu.hk/app/mathmodel/tool.html

Step 2: Find the best-fit line (with the equation and the R? value)
B 2 L HEREREGSE (BEIEAM RME)

€ G A Netiecure | matheal math.uhk eduikTs3 LR - ] - O A Piotseowe | mathcalmath.oshicedu hic G -



https://www.math.cuhk.edu.hk/app/mathmodel/tool.html

Linear Regression with R Shiny ] R Shiny ?

T TER MR 2

® https://www.math.cuhk.edu.hk/app/mathmodel/tool.html

Display the residuals & ~yE7%=

Display the squared residuals BERyEZE

= e i %+

« O A Mt secre | enathealath ool bl 753 e - B

Suaced Raridusls

Prediction of:

= 0 P4SGR0GT2TIN61T

Prediction o

,,,,,,,
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Linear Regression with R Shiny FJf] R Shiny {745 M 200 g

® https://www.math.cuhk.edu.hk/app/mathmodel/tool.html

Find the predicted value at a specific point Define your own “best-fit” line
T ife e RV TRANE ETTESR ' ;iERS ) &
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Linear Regression 45 4RI B

o Exercise &i&

Year World Population
" i
* Predicting the world population growth is I ﬂ%nfg'?_:%)

iImportant in social science.

N Y PP 2010 7.0
(R AN & e R AV E R R -
« (Consider the dataset on the RHS. 2012 7 2
FE B EIELE
« Utilize the Linear Regression RShiny tool 2015 7.9
Fil 4R 8% RShiny T A v =
https://www.math.cuhk.edu.hk/app/mathmodel/tool.html '
1. Find the best-fit linear model. 2022 80
o m g A -
2. Predict the world population in Year 2030, 2023 8.1

2040 and 2050. Source: Worldometer
{ti517£2030, 2040 F12050FHYHF AL - (www.WorIdometers.info)
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NOn-Li near Reg reSSion 3[5{%7%)%3%5_%% Quadratic model Cubic model

T REIEASE = REGIEAES

° What if the data points do not form a linear |
trend? AR BIRREATO AR M@ - S ?

o Extend the method to other polynomials! 5 /\\
AR A ST, | Hi et ﬁﬁ/"\/ﬁ
e Quadratic model — X% TE AT

y = ax?+ bx + ¢
e Cubic model =2 % IE=CFET: Quadric model Quintic model
y = ax3 +§I;xEZE-ETcx +d Ta2R 2 T A A BRSTFRE

Quadric model PYU=x 26T = CRE A
y=ax*+bx3+cx?*+dx+e

Quintic model 71X IEFERY: s
y=ax>+bx*+cx>+dx*+ex+f | | | | /\/
General polynomial model —f&24TE R v\/ f

y=a,x"+a,_x" 1+ +ax+aq




Non-Linear Regression JE45 42

o Find the coefficients of f(x) = a,x™" + a,,_x™* 1 + -+ a;x + ag

that minimizes the residual sum of squares

TR M BRI IR RREL f (0) 8

RSS = ) (i — f(x)’
=1

® Similar to the linear model, we can
mathematically derive a formula to find the
values of all coefficients for the best-fit model.

EASRPERBTIR L - BT el DU B2 e
— R AFRIR B R RS IIAIATE 2 8HIE -

® The formula is much more complicated!
BE » A EERES |

e \We may also consider models other than polynomials

HAMTIR T 2 T A DA MY

Per capita greenhouse gas emissions of Hong Kong

Per capita greenhouse gas emissions (million tonnes)

7.5

1950 2000

Year

® rawdata quadratic quartic
Legend

= linear cubic quintic
51



Background knowledge: Logarithm #1852

° Logarithm %8\ =,
c y=x"oa=log,y Example:
(for x,y > 0 with x # 1)

* log;y100 = 2 (since 100 = 10?)

 loga+logb =logab (fora,b > 0)

. * log; 81 = 4 (since 81 = 3%)

* loga—logh = logz (for a,b > 0)

* log6 =1og2 +log3

log. a

| —
%80 % = log. |  logx?y3
(fora,b,c >0withb+1andc # 1) = log x2 + log y3

= 2logx + 3lo
* log,1=0 (fora > 0 witha # 1) ® 57

 log,a=1 (fora > 0 with a # 1)



Non-Linear Regression 343 4

° Power model EfZEI

y = ax

« Linearization 2 M4AE:
logy =log(ax?) =loga+ blogx

« Can then treat it as a linear regression
problem with data points (log x,log y)
Zate n] DURF R R 8Rh (log x, logy)
AR 1 e ] e

log

0.9
0.87
0.7
- 0.6
0.5

0.4

0 0.2 0.4 0.6 0.8
log, , X 53



Non-Linear Regression JE&R /LR 200

1000 |

800 |

° Exponential model {58=EY

> 600 |

y = ab*

200 ¢

e Linearization 2 M4AE :
logy =log(ab*) =loga+ xlogh

« Can then treat it as a linear regression >
problem with data points (x,log y) g

IR % T LU BB RS (x,log ) B |

SR A ] e

400 |
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Non-Linear Regression FE4R%

° Logarithmic model ¥f&fE%EY
y=a+ blogx

« Can treat it as a linear regression
problem with data points (logx, y)
A] DURF AT Ry BERL (logx, y) HY
& A i T e

A

y =2+ 3logx

55



Non-Linear Regression JE45 42

® Computationally, we can use our Non-linear Regression R Shiny tool

EETE T eI DI R Shiny JE&# 4R T B
https://www.math.cuhk.edu.hk/app/mathmodel/tool.html

 Linear model 4R [Ef5ER]

« Quadratic model —ZfEA]
 Cubic model =Zxf&7l

« Polynomial model 27515
« Power model Ef5EAY

« Exponential model f5&itE A
 Logarithmic model ¥fEf&E Al
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Non-Linear Regression with R Shiny (XY data)
FIFH R Shiny #EfTIEGRMERER (XY EHE)

® https://www.math.cuhk.edu.hk/app/mathmodel/tool.html

o Same file format as in the Linear Regression R Shiny tool

BRI R Shiny T B rp s g =0 [H]

e Many models available ee
AP i g I A S N
Linear model 4&4: 5%
* Quadratic model =AY o
e Cubic model —=ZKfEAY

. Polynomial model ZIE A L.
» Power model ZE5=4Y s

« Exponential model f58{=AY

» Logarithmic model gy :

57
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Non-Linear Regression with R Shiny (XY data)
FIAH R Shiny #E1TIEGR MR (XY EHER)

° Exercise &

2 2 Year | Life expectancy
« Consider the average global life expectancy data F TR

on the RHS . ZE A&k P tEIS RS - 1950 46.4

« Utilize the Non-Linear Regression RShiny tool: 80 s

FIFHFESR AR RShiny T H 1900 o8-

https://www.math.cuhk.edu.hk/app/mathmodel/tool.html 1980 60.5
 Try the Linear, Quadratic and Cubic models. 1990 64

Compare their RSS values.

EHRME - SRR SR - L e fRSS(E - 2000 06.4

2010 70.1

« Predict the average life expectancy in Year 2030, 2020 71.9

2040 and 2050 using each approach.

{Efglﬁiji/f?g/ﬁj 2030 E 2040 Eﬂ] 2050 EE@ rswftep:/o/:)etirworldindata.org/life—expectancv
2 & H[H 58
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Overflttlng and model validation
i [ b o SR T e




Overfitting and model validation & [E &g & M iR Ew=g

® As we can see earlier [F41FM I ERmiET] -
Increasing the degree of the polynomial — Reducing the RSS!

K4 712 TR K8 - ) RSS!

° |n fact, for any given set of n data points, we can always find a degree (n — 1)
polynomial that exactly passes through all points. In this case, we have RSS =0
(Try it using the R Shiny tool!)

aai ARG E Y n (EEEERES - BMaEa] DIFE—E(n — DRZIAZ » A8

MEFTEBUERL - fEEMETE [ 0 RSS =0 (&8 R Shiny TH | )

Illn

® However, does that reflect the actual trend of the data?

{38 HL Y S B HEHR R B PRss S ?

o We have to be careful about the issue of overfitting

BTN a8 FE B R [T

60



The Issue of Overfitting 7,

®* We have to be careful about the issue of overfitting

BTN i FE B Y [R]A

B2

120~

100 -

y = 1.85z + 55.3

Residual sum of squares: ?

80 -

RSS =725

60 -

40

10

20

30

40
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The Issue of Overfitting 7,

®* We have to be careful about the issue of overfitting

BTN i FE B Y [R]A

B2

120~

100

y = —0.0529z% + 4.02z + 42.1
Residual sum of squares: ?

RSS = 281

604

404

10

20

30

40

62




The Issue of Overfitting & € &g &

®* We have to be careful about the issue of overfitting

BTN i FE B Y [R]A

125

y = 0.0001022° — 0.00909z* + 0.282> — 3.7422
+23.8z + 13.2

Residual sum of squares: ?

50 1

RSS =29.5

30

40

63



The Issue of Overfitting 7,

®* We have to be careful about the issue of overfitting

BTN i FE B Y [R]A

B2

-1000+4

y=6.89-10"%" — 0.000777z° + 0.034z°
— 0.742z* + 8.62> — 51.82% + 148% — 89.8

>

Residual sum of squares: ?
-2000+4

-30004

PP Sy S S e IS

T
10

\
\ 1
\ 1
v ’
Y /
~ ’
T T T
20 30 40
X

What’s happening??

64



Overfitting and model validation & [E &g & M iR Ew=g

® How to obtain a reasonable model that can explain the data trend?

ST 15— ([ S T ~ BEAR R B 2

o Method of divided difference 5374
» For finding a suitable polynomial model %t & 1Y 2% TH =AY

°* Model validation fEREER=E
 Applicable to more general models a] F > 5 — 5% A fEAY
* Training 3/l|%#
« Testing JIzt

65



Method of divided difference #=47,%
° For finding a suitable polynomial model % H &5 25 JE =58

® Given three data points (x4, y1), (x5, v5), (x3,y3), we can consider
%ﬁﬁéz{giigé (xl; 3’1); (Xz, 3’2)» (.X'g, }’3), ?\Zﬁﬁﬂl/y\:%‘f%\
* The first divided difference —[is4y 22222 Y372
X2—X1 X3—X>2
y3=¥2 Y21

VI i — e X3—Xp  Xp—X
* The second divided difference —[&# 43 =2 xz xz 1
37 A1
.\’
First Second A
Data divided difference divided difference
. y
X1 1 Slope is ——
Y2 — )1 Xy — X
X7 — X (X7,
? 1 y3—Jy2 J2—)1 \
X2 2 3—-Y X2—X @1 Y1)
X3 — X1
yz—Jn
X3 — X2 | I I .
X3 Y3 X, X 5 b

66



Method of divided difference =47 )%

° Given multiple data points (x4, y1), (x2,¥5), ..., (x,, y»,), We can consider

%TJ‘)\J‘/Q\%{%Q#%S (xl' yl)' (xz» yZ)t ) (xn' }’n), @ETF%I@LX%%

* The first divided difference —[&=47
The second divided difference —[&7E4y
The third divided difference =[&#4%

« The (n — 1)-th divided difference (n — 1)[&Z47
Data Divided differences
) ) 2 3
X 0 2 4 6 R Xi Vi A A A
0 4 16 36 64 ’ ° 4/2= 2
3RS e i ves
Ax = 64 20/2 = 10 /4= T~0/6=0
6 36 o 4/4 =1
g 64//28/2: 14
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Method of divided difference =47 )%

° If the k-th divided differences are all 0, it means that the data points form a
(k — 1)-th degree polynomial
WRFTAE k ZGEEE R 0 FCREIRR B R (kK — 1) ETEA

o |n practice, if the k-th divided differences are close to 0, we can consider fitting
the dataset using a (k — 1)-th degree polynomial

HIZ L ARATE k ZGESEENCET 0 WM UFREER (k- 1) KEHEA

Data Divided differences

Xi 0o 2 4 6 8 iV A A> A’
0 0

Vi 0 4 16 36 64 I A S
4 16 |T12/2= 6~y 0/6=0

Ax = 64 20/2 = 10 0/6 =0
6 36 | Sep_ 4 4=1
5 |8 —— 647/ ° 7



Method of divided difference =47+

°* Example: Find a suitable polynomial model to represent the stopping distance as
a function of the speed of the car

Br RS Y 2 T FUR R AR 5 B R i LS B 2 A e
Speedv (mph) | 20 25 30 35 40 45 50 55 60 65 70 75 80

Distance d (ft) 42 56 73.5 91.5 116 1425 173 209.5 248 2925 343 401 464
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Method of divided difference =47+

°* Example: Find a suitable polynomial model to represent the stopping distance as
a function of the speed of the car

Br RS Y 2 T FUR R AR 5 B R i LS B 2 A e

Speed v (mph)

20 25 30 35 40 45 50 55 60 65 70 75 80

Distance d (ft)

42 56 73.5 91.5 116 1425 173 209.5 248 2925 343 401 464

Data Divided differences 2
. : 2 3 4 —

vi  d A A A A d = 0.0886 v — 1.9701v + 50.0594
20 42

2.2800

. 700

e i 35000 0700 —0.0040
30 73.5 0.0100 0.0006

3.6000 0.0080 600
35 91.5 too0o 01300 P —0.0007
40 116 sa000 00400 P 0.0004 500
45 142.5 < lo0o 00800 303 0.0000 100
50 173 2a00g 01290 g —0.0004
55 209.5 S oop 00400 G5 0.0005 300
60 248 ' 0.1200 ' —0.0003
65 292.5 890007 1200 i 0.0001 0
70 343 1019094 1500 s —0.0003 100

11.6000 —0.0033

75 401 0.1000
80 464 12.6000 0 20 10 60 80 100
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Model validation FE AU Es%

® [f we construct a best-fit model based
on all data points, overfitting may occur:
WIRPIIRIZPT A BRI R A iR A oo
U S e o

>

0.25

-0.50

* very accurate with the training data

3R B B IR AR A or

-1.00

* but loses accuracy with new data

((ERERTE ek MmNl i s

-0.5

® DataSet — Degree 11

Legend — Degree 1

Degree 10

0.0

0.5

Degree 4 —— Degree 7

Degree2 —— Degree5 —— Degree 8

Degree 3

Degree 6 —— Degree 9
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Model validation &R Ep=E

e Solution: Divide the dataset into

WEATTE © R R -

 Training data 3l|$f#15
» For constructing a best-fit model

EY A e gy i

« Testing data MIz{EiE
* For testing whether the model gives
good accuracy when handling new data
AR AEWER R ST E G AT
R4 R AERE

Legend == Polynomial Fit ® TestSet @ Training Set

* Overfitting and Underfitting with Polynomial
Regression Z51H = ERA AR S e & B Kt
http://mathcal.math.cuhk.edu.hk:7542/

Legend == Polynomial Fit ® TestSet e Training Set 72
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Evaluating the accuracy #EREM:AYEE(S T4

o Coefficient of determination 5 E{48 (R?):
RSS
RZ=1-—

* RSS is the residual sum of squares RSS E /7 5 (1:
RSS = 2()’1’ — 92 =1 =917+ 2 = 92)° + -+ (Y — P)?

=1
with §; being the predicted value based on the chosen model
Hrh 9 AR AT A R TR E

« TSS is the total sum of squares TSS ZE2Z 5 F[1:
TSS = Z(yi — )2 = 01 = PP+ 02 = P+ + G — P
with 7 = = (Zl ;) = 822 haing the mean of the given data

}_] n
sty = LU, ) = 20 e g

P

73
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Evaluating the accuracy AEREM:YE

o Coefficient of determination 5 E{48 (R?):

i RSS
R?=1———

(EWARZS

« A model exactly matching all observed values will give R* = 1

MR —(EEAL T V) S RTABURE - AT R =1

« Abaseline model y = y (which always predicts y regardless of the value of x)
will give R? =0
—EECEER y =y (fitsm x (R0 AETEHNEIE Y ) 58I R =0

« R? can be negative if the chosen model “fits worse than a horizontal line”!
WP SRS TR PaREZE 0 RPFHIRAH |
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Evaluating the accuracy ZEREM:AVEEE 54
® Mean squared error 5 5iR%= (MSE) :

_ 0 Z(yl Vi)’

» Value can be from 0 to o ‘%METU?% 0 @J
« Easy to compute Z i EtHE

o Root mean squared error 5 5fEER% (RMSE):

RMSE = E(yl 7.2

« Value can be from 0 to o %ﬁzﬁ_ﬂp% 0 £l o0
« With the square root, the error is in the same units as the original data
(hence more intuitive, but relatively hard to compute)

A B

CTRTR >

a7 Y BRI B Fa BB AH ] (NG E > (EAH S DGR
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Evaluating the accuracy ZEREM:AVEEE 54
* Mean absolute error Y25 ¥%ER7= (MAE):

n
1
MAEz—Z: 9,
" 1Iyl il
1=

« Here, |x| is the absolute value (48%HH) of x: |x| = { xifx =0

—xifx <0
« Value can be from 0 to oo #{E 1 DL 5 0 I oo
« The erroris in the same units as the original data &7y 57 B [H 48 4H (5]

® Mean absolute percentage error J2548% H 5 EEERZ= (MAPE)

n
1 0
MAPE — _2 Yi — Vi
ned) Vi
« Value can be from 0% to 100%, hence giving an intuitive interpretation in terms of

relative error B({H rJ LI 0% £1] 100% - RELAEAH ¥R 72 T e Ot ERRRTAERE

» But small or close-to-zero values of some y; may disproportionately affect the MAPE

score {HX:LL y; AVEIR/ NSRRI ERy - rlRe e AR LG22 MAPE {H

X 100%
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Exhaustive cross-validation strategies =237 Y k=&

O 257Q

° Leave-one-out cross validation Bf—3Z Y k=g (LOOCV)

Select one candidate form of model 75— fd iz 5E A

For n data points ¥ n {EEEERS -
Split the dataset into training (aII but the i-th data point) and testing set (the i-th data point)

IR S B Rl llGR 5 (R 175 (ERUERIAYFTARE) MUIEAEE (255 | (EEHERL)
« Train the model using the training set {5 FE/l| 4k £ E] | i Ay
« Test it using the testing set {5 FHEXEE AR M E A A
« Evaluate the accuracy HLEEMEE

« Repeat the above processes fori = 1,2,..,n E# FHUEE » ¥ i=1,2,..,n F—#fT

- Summarize the accuracy 4445k
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Exhaustive cross-validation strategies &= £2x7 Y =g

° Leave-p-out cross validation B p 22 X kg (LpOCV)
- Similar to LOOCV F#E1{IALOOCV
- but consider all C}} combinations of selecting p data points from n data points

HFEHE n (HE H!EE%E_E#% p [E=RERAIAT A S O

o Advantage: Less affected by outliers {&%5 : & F = (HAVEZZEE /)N
o Disadvantage: More computationally expensive GLEL : SHE AR S

o Example: (¥4l :
* For a dataset with100 points, every time we select 2 data points as testing set

B —(EEE 100 EREERAVERSE - BFKERE 2 ([EBEREE AR

« Then we have C1°° = 199%%9 _ 4950 combinations!

igkfFigtA €300 = =2 = 4950 fa4 4 |



Non-exhaustive cross-validation strategiesIiFgs 2248 Y Emz&

o k-fold cross validation k 373 Y Egz&
* The original dataset is randomly reordered and partitioned into k equally-sized
(or as-equal-as-possible) blocks

R BTV F o Rl k B/ IMESE (2GR rIRetH<E ) HIH ]

Training Sets Test Set

* Forl — 1)"'Jk! %ﬁj‘ﬁé\ l — 1""’k’ tttttt ion 1 l 1 _,.Ermrlﬂ
- Train the model on all the data
except block i. AR 72 i 2H

Iteration 2 —» Error,

DS M B R - o o e
- Evaluate the model (compute .. , erron

the model error) using block i.

RS | ARRERA (GHEmE)

(Image from https://towardsdatascience.com)

« Take the average of all Kk model errors.

SFEFTA k EEARREA T -
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Non-exhaustive cross-validation strategiesIiFgs 2248 Y Emz&

* Monte Carlo cross-validation SZ455F2ER Y En=g -
« Randomly select (without replacement) a certain percentage of the data to form
the training set and then assign the rest of the points to the test set.

Pt (AE) —ELLBINVEEERERGE RS - HErBuREpOEEE -

« Train the model based on the training set and evaluate the model error using
the test set. JE\GI I SR - SR FRMBAFERP (U -

ing Sets Test Set
i
|

l
+ Repeat the above multiple -~~~ NN 1]~
Eé;%gi %HX & 100

« Take the average of all model
errors

—f‘ )ﬁ)—’l‘ﬁ )FE ] g;%}ll_f_é El/\j SZ:[:/:J ,fE: lteration 100 Ermrmu_—

(Image from https://towardsdatascience.com) 80




Another consideration in model evaluation: Sensitivity analysis

ARSI oo (EF IR ER - UL 0T

° |n reality, there may be noise in the input data, fluctuations in different factors, .

IR L S AR AT REFERRE - AEAE M A e IR )

Besides considering the accuracy of a model using validation methods, we can
® also evaluate the model's stability by performing Sensitivity Analysis:
bR TS0 R Bmss AR TR B A R R 2 J 1 P aE B] DU e i T EURE o i AR B A
AR EME -
* See how much the output will change when the inputs or parameters change

B A HERT » I e A S RAvE L

. ie running “what-if” scenarios

EETHT S
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Another consideration in model evaluation: Sensitivity analysis

ARSI oo (EF IR ER - UL 0T

° Common sensitivity analysis methods: ‘& FHEYEUEVE 8T 1724

* One-at-a-Time (OAT): Change one input variable/factor while holding others

constant to see the effect on the output.

—X—(0AT) : DB — (il ASERYINZR - [FEIRFORRFHAA S > DI S Ay

B85
E\*}%

« Scenario Analysis: Testing predefined sets of input changes (e.g. best-case,

worst-case)

BT © MEEEr A EES (PSR ~ &IEEF)

* Monte Carlo Simulation: Using random sampling to test numerous input
combinations to understand a range of possible outcomes and their likelihood.

St REEEEE - (EAEAENER Zim A G - DL T B Al gess RA V&
REVE

=N

=

S Hw]
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Modelling Using Multiple Regression 24 1 2H g%
° \What if there are multiple factors to be considered? 41525 24 ([N 22 25 H % = EJFYE ¢

BB 7

PN

°* How to determine whether a factor is important? #1{a] HEr—(& X

!

°® Example:
How does advertisement in different media channels (TV, radio, newspaper) affect
the product sales?

AEGEAG (BB ~ BEAE ~ Hslt) YRS B iy & 2

TV radio newspaper sales

o Multiple regression: we can consider 230.1 37.8 6.2 22.1
%R ¢ oL ws  wa s
17.2 45.9 69.3 9.3

— f(Xl, X2, ... ,Xd) — 30 + a1X1 + axxe + -+ + adX4 1515 413 58.5 8.5

. . ;o= 180.8 10.8 58.4 12.9

and minimize igz//ME . 155 o )

RSS =37 1 (¥i—ao — aixi1 — -+ — adXid)?
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Modelling Using Multiple Regression 2% 4H
°* Approaches J5/%:

* Consider each variable separately TV radio newspaper  sales
/\}DJIJ:'/%‘F@-:{. %& 230.1 37.8 69.2 22.1
44.5 39.3 45.1 10.4

sales = By + 81TV 17.2 45.9 60.3 0.3

151.5 41.3 58.5 18.5

 Including the variables &A% s s o o
sales = By + 81 TV + Boradio + B3newpaper 8.7 48.9 75.0 7.2

» Including all variables and their interaction terms 5T S8 & A T A0 py S22

sales = By + 81TV + [Beradio + B3newpaper
+ B4(TV - radio) 4+ B5(TV - newpaper) + Bg(radio - newpaper)

 And many more possibilities B/ 5 %A FEME

o Detailed description 4z EH: http://mathcal.math.cuhk.edu.hk:7541/


http://mathcal.math.cuhk.edu.hk:7541/

Modelling Using Multiple Regression 2% 4H

° [nterpretation of importance of dlfferent factors via multiple regression:

BBZ T EER TR EN R E RN

« We first standardize all variables (i.e., transform the data values for each variable
to have a mean of 0 and a standard deviation of 1) and then solve for the best-fit
multiple regression model

B4 > B SO TRt (PR EE ( ETE A S A FoR M i 5 T O -
BRER 4 1 BT+ IR )2 T

« The magnitude of the resulting coefficients can indicate the relative importance of

the variables Ffi{g: £ 30 A/ Na] DIFR R EE S A AH S 58 22

« Can be used for feature selection or model simplification

H R E EdE A R b

o Multi-Regression R Shiny Tool % tiEEF R Shiny T &
https://mathmodelcuhk.shinyapps.io/multi-regression/

85


https://mathmodelcuhk.shinyapps.io/multi-regression/
https://mathmodelcuhk.shinyapps.io/multi-regression/
https://mathmodelcuhk.shinyapps.io/multi-regression/

Multi-Regression R Shiny Tool 2% t4® 14 EEE R Shiny T E

5

e e e
“-ID\UI-F-WM—ECII'DD:IHD\'UI#WN_.

18

https://mathmodelcuhk.shinyapps.io/multi-regression/

230.1
44.5
17.2

151.5

180.8

8.7
97.5
120.2
8.8

199.8
66.1

214.7
23.8
97.5

204.1

195.4
67.8

: : : : e o N
Performing multiple linear regression #1724 70 45 14 20 f
Input data format: CSV, XLSX, or TXT file containing the data points (at least 2 columns
A N . G ~ N =t N ZIRZNIS
of data) B A BrEHs S ¢ f1 S BIEBEE) CSV. XLSX 2 TXT #5ZE (/b 2 51
Sample data file £FZ#E 22 [data. MLR.csv]
B C D Upload your file: + 7
radio newspape sales Brorec il
37.8 69.2 22.1
393 451 10.4
45.9 9.3 9.3 Choose prediction parameter
413 585 18.5 sales -
0.8 584 12.9 . t
48.9 75 7.2 g
328 235 11.8 e
19.6 11.6 13.2 e
2.1 1 4.8 O TV~ radio
26 212 10.6 0 TV newspaper
5.8 24.2 8.6 B D T
24 4 17.4 L TV radioTnevspaper
35.1 65.9 9.9 sales = 0.045764 - TV + 0.18853 - radio — 0.00103749 - newspaper
7.6 7.9 9.7 _ 1 2.9388
32.9 a6 19 t:::e plotting parameter
477 528 224 o
36.6 114 12.5 S
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F fs =7 >

Mathematical Modelling Resources 2 25 & )H

e Mathematical Modelling @ CUHK Mathematics
website 2 K :
https://www.math.cuhk.edu.hk/app/mathmodel/

Mathematical Modelling @ CUHK Mathematics

. LE2 B N What is Mathematical Modelling? EfZ 28IE5215?
® Learning Resources Z2E& 5
approaching problem
 E-book FEE+=E
. .‘_‘l.‘j problem visucn!izction real life problem e
) Exe rCI S es \Z\\ ’E/ finding out relationship WL T s
edb modelling competition

* WorkShop materlals I/fflziﬁ%r_f?}? solving problems prediction of a trend

solving real life problem g

o IT tools for math modelling #E2 % HIT T B N §
» Computing and visualization SFEEI AR L v oo i

. .
° A | a rg e Va rl ety Of re a I - | Ife exa m p I eS The Department of Mathematics at The Chinese University of Hong Kong is dedicated to making a positive impact on promoting

mathematical modelling for teachers and students in secondary schools in Hong Kong.
p— r=—4 >
= -£ E==u ~ §I
. | : | ] = / 3
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Mathematical Modelling Resources 4

Table of content

°* Mathematical Modelling e-book:
https://www.math.cuhk.edu.hk/~mathcal/MM/

Username: mathmodel
Password: mm@2024

o Mathematical concepts and derivations

B SR

o |T tool usage IT T E{fH

o Different examples A [E] &

Mathematical Modelling

Course Information
Course Outlines

0.1 Introduction

0.2 Examples of Different Types

0.3 IT Tools

0.4 Report Writing

0.5 Examples of Different Types ..

0.6 Teacher Sharing

1 MMC with ICT
1.1 Building Blocks
1.2 IT Tools

2 Modelling with Linear Function
2.1 Learning Outcomes
2.2 Real-World Problem
2.3 Mathematical Problem
2.4 Make Assumptions
2.5 Construct Mode!
2.6 Solve Model
2.7 Interpret Solutions
2.8 Validate Solutions

2.9 References

A R

~

3 Modelling with Exponential Functions

3.1 Learning Outcomes
3.2 Real-World Problem
3.3 Mathematical Problem
3.4 Make Assumptions
3.5 Construct Mode!
3.6 Solve Model
3.7 Interpret Solutions
3.8 Vvalidate Solutions
3.9 References
4 Modelling with Power Functions

4.1 Learning Outcomes

+~_ Display adjustment
(color, font size, font type, etc.)
Mathematical Modelling for Teachers and

Students in Secondary Schools

Department of Mathematics, The Chinese University of Hong Kong

2024-11-29

Course Information

This workshop for teachers introduces basic sirategies for using mathematical modelling techniques

™~

Content

and cycles in real-life scenarios

Course Outlines

The structure of this workshop is:

1. Introduction

2. Examples of Different Types of Popular Models
3. IT Tools

4. Report Writing

5. Examples of Different Types of Models

6. Teacher Sharing

0.1 Introduction

This section introduces the concept of the modelling cycle and provides a brief overview of its

relation to other disciplines through examples

0.2 Examples of Different Types of Popular Models

This section introduces various models in the field of data fitting, including the main procedure for
addressing the learning process of mathematical modelling cycles

0.3 IT Tools

This part infroduces practical skills for effectively using ChatGPT and R Shiny” 88
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Mathematical Modelling Resources ¢

o Mathematical modelling concepts

BEESERS

Math modelling process SE2 /& EFE

Key stepsfaii s ik

o Common models F A :

Linear functions%gM4: k5
Exponential functions¥55#5 i 8
Power functionsZ pr 8
Trigonometric functions =75 p4 84
Sigmoidal functions S 4%

\

™~

All with detailed formulations, derivations, and

examples HFRHLEFAMATAZ ~ HEE B FOIEIS]
o More advanced math tools E[ERE T B.:

Probability {2

(price prediction, social network etc.)

. network model 4g%& =R
Introduced via specmc real-life problems

A BRI (ERTN -~ 11388 ) rdd

Course Outlines

0.1 Introduction

0.2 Examples of Different Types

0.3 IT Tools

0.4 Report Writing

W

Mathematical Modelling for Teachers and

FEE

Students in Secondary Schools

Department of Mathematics, The Chinese University of Hong Kong

0.5 Examples of Different Types .

0.6 Teacher Sharing
—

2024-11-29

1 MMC with ICT

1.1 Building Blocks

1.2 IT Tools

Course Information

2.1 Learnin g Outcomes
2.2 Real-World Problem
2.3 Mathematical Problem
2.4 Make Assumptions
2.5 Construct Mode!

2.8 Solve Model

2.7 Interpret Solutions
2.8 Validate Solutions

2.9 References

3 Modelling with Exponential Fun

3.1 Learnin g Outcomes
3.2 Real-World Problem
3.3 Mathematical Problem
3.4 Make Assumptions
3.5 Construct Model

3.6 Solve Model

3.7 Interpret Solutions
3.8 Validate Solutions

3.9 References

4 Modelling with Power Functions

4.1 Learnin g Ouicomes

ctions

( \ This workshop for teachers introduces basic strategies for using mathematical modelling techniques
2 Modelling with Linear Function

and cycles in real-life scenarios

Course Outlines

The structure of this workshop is

1. Introduction

2. Examples of Different Types of Popular Models
3. IT Tools

4. Report Writing

5. Examples of Different Types of Modsls

6. Teacher Sharing

0.1 Introduction

This section introduces the concept of the modelling cycle and provides a brief overview of its
relation to other disciplines through examples

0.2 Examples of Different Types of Popular Models

This section introduces various models in the field of data fitting, including the main procedure for

addressing the learning process of mathematical modelling cycles.

0.3 IT Tools

j This part introduces practical skills for effectively using ChatGPT and R Shiny




Mathematical Modelling @ CUHK Mathematics:
https://www.math.cuhk.edu.hk/app/mathmodel

Contact:
mathmodel@math.cuhk.edu.hk

Thank you!
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