Inclass Exercises 2526 Math Modelling Student Workshop 2026-02-07 Saturday

THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
Exercises on Modelling Data using Functions

Learning Outcomes 2% HiZ

e Apply the principle of least squares.
JEH fe /N —Sfe J B

e Use the procedure for fitting any curve or functional relationship.

{56 F 3B & (AT b AR SR BB AR HURE |7

e Calculate the residuals.

AHREE

— Fit a straight line to the given data.
5 ELAREE & 2l 40 B
— Fit a second-degree parabola to the given data.
s I AR S E 5 R R
— Fit a power curve Y = aX? to the given data.
HRMARY = o X BEE TG EEIE
— Fit exponential curves of the forms Y = ab* and Y = aeX, where e = 2.71828182846.
R RY = ab® MY = ae™ BFREMAREES B EBEE - H e = 2.71828182846

e Visualize the data using a scatter plot and the best-fitted line/curve in the same figure using
the Linear and Nonlinear RShiny tools.

{8 FLinear and Nonlinear RShiny T 7 [F] — & = {8 FH HiR 1B F1 o A 188 & 4 / il AR P AL 5L
15 e

Objectives HE

Our aim is to estimate the parameters of a straight line, a second-degree parabola, a power curve
Y = aX", and exponential curves using the method of least squares. We will use the Linear and
Nonlinear RShiny apps as validation tools to check our hand-calculated findings. Additionally, cal-
culating the residual sum of squares and the coefficients of determination will help us understand
how well the mathematical models perform.

HAFIRY B AR G B/ I RIE A R EAR ~ IR ~ FEEHARY = o X ANFEEUHARHY 28 - 3
{954 £ Fi Linear and Nonlinear RShiny [ T2 A E R BaE T B AR BT MET FAIAR © 1eobh - 51
BRSO RIANIR RE (R B0k B B H AP T AR BB R 33 -

Problem 1

Do the following:
HATULT P8R -
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Enter the Y values and X values into the Linear and Nonlinear Regression RShiny Tool apps to
examine different regression models. Describe the trends of the linear and nonlinear regression
lines and curves.

fELinear and Nonlinear Regression RShiny Tool fEAEZH » g AY EHX (H » Dl EASFE Y [E
BRRAY o F AR R ARAR 1 [B] B AR AN h AR RO RE B -

1. Find a straight line that best fits the following data:
B —frmE & DL T BRI EAR ¢

x| 1 6 11 16 20 26
y|13 16 17 23 24 31

2. Find a straight line that best fits the following data:
HE | — kol & LU N BRI EAR

z|6 7 8 9 11
y|5 43 2 1

3. Find a straight line that best fits the following data:
g — Ik fol & LU MR EAR

Year | Twitter users
11.00 68
11.25 85
11.50 101
11.75 117
12.75 185

4. Fit a second-degree parabola to the following data:
Mok — U R e A B LT B

‘%MMHO‘&
‘@Cﬂﬂkw)—*“@

5. Fit the power curve Y = aX? to the following data:
AFRMARY = o X BEAEIDUTEUE

y
9
11
12
8
7

DO =
‘oomowo:‘a
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6. Fit the power curve Y = aX? to the following data:
HFREMARY = aX® S E| DU EUE ¢

x y
0.135 | 22000
0.67 | 13000
2.45 | 8000
75 | 2550
1775 | 900

7. Fit the exponential curve Y = ab* to the following data:

HFREARY = ab® BEA BT EUE -

—_
MOAO&H‘@

—_
‘ooocnq;w‘&

24

8. Fit an exponential curve Y = ae®X to the following data:

HHEBHIARY = ae™ HBEESFI LN B

Y
1481.66

2333.32
3501.39
5938.71
8838.60

‘OOQ%NJO‘ﬁ

Problem 2

Fill in all the missing places in Solution of Question 1.

HE M E R E TR asRKHHIT -

Given the dataset:
MERRE

x| 1 6 11 16 20 26
y|13 16 17 23 24 31

Let the straight line be given by the equation Y = a + bX. To determine the values of a and b
for this line, we use the normal equations:

HEMITIERY = a+0X » B T HEEE R ME - T ERDTRER
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i Y = na + b i T

i=1 i=1
Z YiTi = a Z i + b Z 7
i=1 i=1 i=1

can be written as

AL B 1R
Zy = na + be
Zyx = aZ$ + mez

We need to calculate Z v, Zx, Z xy, and Z 22, which can be obtained from the following
table:

@iﬁ%’gﬁﬁz Y, Zm, ny, and ZmQ s BRI DI N EHER

2

1 T Y T Ty
1 1 13 1 13
2 6 16 36 96
3 11 17 121 187
4 16 23 256 368
) 20 24 400 480
6 26 31 676 806

n=6 Y x=280 Y y=124 Y 2*=1490 » ay=1950

For example,

flan »

6
de=)
i=1

=21+ 22+ T3+ x4+ T5+ T
=1+6+11+16+ 20+ 26

_

6
Zyzzyi
i=1

=ty +tys+ys+ys+Ys
=134+16+17+23+24 + 31

_

6
dy=> %
i=1
=]+ a5 + 15 + 2] + 12 + 1]
=12+ 6% 4+ 11* + 16* + 20* + 262
4
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=1+ 36 + 121 + 256 + 400 + 676

_

and

6
Z Ty = Z Z;Yi
i=1

= 21Y1 + T2Y2 + T3Ys + T4lYs + T5Y5 + TeYs
=13+ 96 + 187 + 368 + 480 + 806

By substituting the values of Z v, Z x, Z xy, and Z 22 into the normal equations, we obtain:
My~ a > ay FY o BERAERIER > Ff15E

= a + b (1)
= a + b (2)

Solve equations (1) and (2) with these values for a and b using the method of elimination, and
verify the equation for the line of best fit is Y = 11.3227 + 0.7008X using a pen-and-paper
approach.
i PRI TEIE SRR DT RR (1) A (2) e Fb » MHEIR T BERB R A AN EAY = 11.3227 +
0.7008X -

Compute the predicated value y; at z;, e.g.,

AtEAEr, EATERIEY: - i

71 = 11.3227 + 0.7008z; = 11.3227 + 0.7008(1) =
7o = 11.3227 + 0.7008z5 = 11.3227 + 0.7008(6) =
75 = 11.3227 + 0.7008z5 = 11.3227 + 0.7008(11) =
U1 = 11.3227 + 0.7008z, = 11.3227 + 0.7008(16) =
s = 11.3227 + 0.7008z5 = 11.3227 + 0.7008(20) =
o = 11.3227 + 0.7008z = 11.3227 + 0.7008(26) =

Compute the residuals y; — ¥; at z;, e.g.,

FHEAE JRIOTE Ry, — 5 0 A0 :

y—h=__
Yo—Tp=__
Ys—Ys=__
Ys—Ya=__
Ys —UYs=__
Yo — Yo =__

Compute the residual sum of squares, e.g.,
ST TR D

n=>6

Z (yi — 271)2

=1
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=W =0+ -3+ =3+ (=70 + (s — 55)° + (v6 — B)°

Compute the coefficient of determination, e.g.,

AHRPUEIREL > 0

where
Hr
_ Y, 1
Y:Zznl :E(K+3@+YE’)+K1+K”+§/6):—

Discuss the applications of R-squared in linear regression.

SHAR T TR ESR o A -

Problem 3

Fill in all the missing places in Solution of Question 4.

HEMEL FIRE P RIrE RIS -

‘%C«OL\DHO‘&
‘CDOT%OJ}—*‘@

Let Y = a + bX + c¢X? be the second-degree parabola, and we have to determine a, b and c.
Normal equations for the second-degree parabola are

Y = a+bX +cX? BIUHAR » BT ~ b Fle o ZUIBYIARAIERI RS A

Zy = na + be + chz
ny = aZm + bZ:):2 + chg
Zm2y = aZx2 + beg + ch4

To solve the above normal equations, we need Zy, Zm, ny, szy, sz, Zx3, and
Z z*, which are obtained from the following table:

B TR ERERES > REEEY e Yy Yty 2 Y Yt
SORILITE N AR
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) T Y Ty x? z2y a3 x?
1 0 1 0 0 0 0

2 1 3 3 1 3 1 1
3 2 4 8 4 16 8 16
4 3 5 15 9 45 27 81
5 4 6 24 16 96 64 256

n=5 Y x=10 Y y=19 Y ay=50 Y 2*°=30 > 2’y=160 » 2®=100 » a* =354

Substituting the values of Zy, o, ny, Zny, ng, ST a3, and Zx4 into the above

normal equations, we have:
ﬂijy S Za:y > Zx2y > Zx2 >R ﬂlz:f FHE RN B E AT > FfE
2 -

Zy = na + be + chz
ny = aZm + bZ:):2 + chg
Zﬁy = aZx2 + beg + CZI4

= _ a4+ b+ (1)
= _  _a+ ___ b+ __ ¢ (2
= _ _a+ ____ b+ ___c (3

Solve equations (1), (2) and (3) with these values for a, b and ¢ using the method of elimination,
and verify the equation for the second degree of parabola of best fit is Y = 1114 4+ 1.7717X —
0.1429X? using a pen-and-paper approach.

i FIVE TTIE SRR TT AR (1) ~ (2)FA(3)F Ha ~ b Fe » 7 E T B ERE R AR & MW AR 1 77 12
BY = 1114 + L7717X — 0.1429X2

Compute the predicated value y; at z;, e.g.,

At A, RAITERIEY: - flan

71 = 1.114 + 1.77172; — 0.142922 =

U = 1.114 + 1771725 — 0.142922 =
Js = 1114 + 1.771725 — 0.142922 =
U= 1.114 + 1.77172, — 0.142922 =
Us = 1.114 + 1.7717x5 — 0.142922 =

Compute the residuals y; — ; at z;, e.g.,

At BAEZEy, — 5 > Pl

yi—h=__
Yo—Tp=__
Ys—Ys=__
Yo —Ya=___
Ys —Ys=__
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Compute the residual sum of squares, e.g.,

STREEZEF IR > filan
n=>
D=0 = =)+ (2 — )+ (s — 33)" + (a — 50)" + (5 — B)°
=1

Compute the coefficient of determination, e.g.,

AtEIRERE - B -

R® =

Discuss the applications of R-squared in nonlinear regression.

ST 7 AE SRR P B O

Problem 4

Fill in all the missing places in Solution of Question 7.

HE T FE FRTESRKRIHTT ©

x|y
21
413
6|6
8 |12
10 | 24

Let the exponential curve be Y = ab¥ , and the normal equations for estimating a and b are

FARBHARBY = b - FRMEENa Flb BOERIT R A

Zu = nA + BZ$
Zux = AZm + BZ:I:2

Note: Here we are using log with base 10.

ERE EAERMIE A LI0 AlRRlog ©

To find the values of a and b from the above normal equations, we require Z u, Z x, Z uzr and
Z 2%, which are being calculated in the following table:

B 7l BB R ER A 000 BPFES u Yo S e MY a? s A
PUR A HETA -
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i T Y u = logy uzx z?
1 2 1 0 0 4

2 4 3 0.477121255 1.908485019 16
3 6 6 0.77815125 4.668907502 36
4 8 12 1.079181246 8.633449968 64
5 10 24 1.380211242 13.80211242 100

n=>5 > x=30 Y y=46 > u=3.7T14664993 Y ux =29.01295495 )z’ =220

Substituting the values of Z u, Z z, Z ux and Z 22 in the above normal equations, we get
> Y a Y wa Y o ERA BREARELR - RFEF

= A+ B (1)
= A+ B (2

Solve equations (1) and (2) with these values for A and B using the method of elimination. Then,
use the properties of logarithmic functions to obtain a and b, and verify whether the equation for
the exponential curve of best fit is Y = 0.5424(1.4727)% using a pen-and-paper approach.

8 FTH JTIE SR AR T RE (1) A1 (2) FRYA B  SR/1% » MRS B BAI M E K G a My » dERTH
B i (A TR AR T AE R T AY = 0.5424(1.4727)% o

Compute the predicated value y; at z;, e.g.,

AP B ALy, RAVTERIEY, > filan

71 = 0.5424(1.4727)" =
o = 0.5424(1.4727)"2
Uy = 0.5424(1.4727)" =
( )
( )

Yy = 0.5424(1.4727)"
ys = 0.5424(1.4727)"% =

Compute the residuals y; — ; at z;, e.g.,

st BRIy, — 5 Pl

y—h=__
Yo—Tp=__
Ys— Uz =__
Ys—Ya=__
Ys —UYs = ___

Compute the residual sum of squares, e.g.,

ARSI - Bl
n=>5
S wi—5) =W -0+ @ — 0+ (s — B)° + (va— 52 + (s — 5)°
i=1

Compute the coefficient of determination, e.g.,

FHEREREL - il -
R? =
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Discuss the applications of R-squared in nonlinear regression.

SHRR Py ZE R B O <

10



