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|Part A: Key Concepts

1 Euclidean norm

T . . .
For a vector x = (21,22, -+ ,x,) , its Euclidean norm is defined as

Il = /% + a3+ -+ a2,

Ifx= (173’ 1); we have ||X|| = /12 e 32 + 12 = \/ﬁ

With these conditions, we can extend the idea of Euclidean norm and define more general p-norms.

2 vector p-norm

T . .
For a vector x = (21,2, -+ ,x,) , its p-norm is defined as

1
P

Ixll, = (ea|” + |22l + -+ + [al”)”, 1 <p<oo

For the vector x = (2, —3)T7 x|, = ¥/12P + | — 3]3 = ¥/35.




You may take the latter one for granted, which can also be derived from definition, but it may need some technique.
One can verify that all p-norms satisfy the three requirements of a norm listed above. (Proving the triangle inequality

may also require some techniques.)

3 Frobenius norm

If we consider the matrix as a sequence of numbers, the Euclidean norm of this sequence is called the Frobenius

norm. More precisely, if A is an m x n matrix and the (4, j)-th entry of A is a;;, then

N

m n
Al = Zza?j
i=1 j=1

Example

1 -3
IfA:( ) 4>7then|A|F:\/1+4+9+16:\/%.

Remark

But more frequently, we prefer matrix norms that are induced from a vector p-norm.

4 Matrix p-norm
If Ais an m X n matrix, then the p-norm of A is defined as:

Al = max ||A .
I All, ||T\|:XlH x|,

This definition is hard to read. Let us provide some further explanation. The p-norm of a matrix A is a measure of
the maximum extent to which A can amplify the p-norm of any vector. Specifically, it is defined as the maximum
value of where x is a vector with unit p norm. This definition captures the idea of the maximum ”stretching” effect
the matrix can have on a unit vector measured in the p-norm.

In practice, there are some much simpler formulas that we can use for calculating the matrix p-norms for some
specific p.

In particular, it can be proved that for p = 1, we have

m
lA]j1 = maximum absolute column sum of A = max Z laijl.
1<j5n &

For p = 2, we have

HA||2 =V )‘maX(ATA)v

where A\pax (AT A) is the maximum eigenvalue of AT A.

For p = oo, we have

n

|Al|cc = maximum absolute row sum of A = max E lagj].
1<i<m 4 ]
§=



5 Linear system

A linear system is usually in the following form

a11T1+  a1aT2+ -+ AT, =by
a1+ agrat+ -+ agp®,  =b
Am1T1+  Gm2Z2+ -+ ATy, = bm

This may occur in many applications (often with very large m and n). It is convenient to express the above in the
matrix form

Ax=Db

)

where A is an m x n matrix with elements a;5, and x is a n x 1 vector, b is a m x 1 vector.

When m > n, it is called a overdetermined system since the conditions are more than unknowns. When m < n, it
is called a underdetermined system since the conditions are less than unknowns.

For now, we are interested in the case when m = n. It follows from the definition of a non-singular matrix that
the above linear system has a unique solution if and only if A is non-singular, given by x = A~'b. Although this
seems like a conceptually easy problem, it is actually a hard one when n gets large. Nowadays, linear systems with
n = 1,000, 000 arise routinely in computational problems. And even for small n there are some potential pitfalls. We

will see how to solve Ax = b both efficiently and accurately.

6 Triangular matrix

A matrix L is called lower triangular if all entries above the diagonal are zero:

Iy 0 - 0
l l
[
0
lox - o lon

Note that the determinant is just
det(L) = 111l22 s lnn

So the matrix will be non-singular if and only if all of the diagonal elements are non-zero.

Example

We will see that it is easy to solve Lx = b for n = 4.

The system is

i 0 0 0\ (= by

b by 0 0| [2]| |0

ls1 ls2 I3z O zs | | s

lan laa laz laa) \24 ba
which is equivalent to

l1171 = by,

lo121 + logxo = b2,
I3121 + l3222 + l3373 = b3,

lynwy + lagxo + lazws + lyaxs = by.




Example

We can solve step-by-step:

li’

This works since we know that l11,l22,l33, 44 are all non-zero when a solution exists.

o by — lo121 _ by — l3121 — 3222 o by — ly1@1 — lyoxo — lyzws

Z1 X2 , I3 , T4
lao l33 laa

In general, any lower triangular system Lx = b can be solved by:

b, — S
i = D k=1 LikTk j=1

T; = » , oo D
Similarly, an upper triangular matrix U has the form
Uix U2 -0 Uln
U— 0 uo
0 - 0 upn
and an upper-triangular system Ux = b may be solved by:
xj:bj—zzzjﬂujkwk’ I

Ujj
7 Gaussian elimination

If our matrix A is not triangular, we can try to transform it to triangular form. Gaussian elimination uses
elementary row operations to transform the system to upper triangular form Ux =y.
Elementary row operations include swapping rows and adding multiples of one row to another. They will not change

the solution x, but will change the matrix A and the right-hand side b.
Let AM) = A and b = b. Then for each k from 1 to n — 1, compute a new matrix A¥*+1) and right-hand side

b*+1) by the following procedure:
al® .
Lomy=-Hy, i=k+1,...,n.
Ak
2. Use these to remove the unknown xj from equations k + 1 to n, leaving:

ai ™ = aff) —maa), WY =0 —mabl, ij=k+1.n

The final matrix A = U will then be upper triangular. The notation may seem messy, so let’s see an easy example.



Example

Transform the following system to upper triangular form:

Ty + 229 + 23 =0,
T, — 29 + 223 = 4,
2(E1 aF ].21[,’2 — 21’3 =4.

Matrix representation:

1 2 1 0
A=11 -2 2|, b=|4
2 12 =2 4

Subtract 1 x equation 1 from equation 2, and 2 x equation 1 from equation 3:

Ty + 229 + 23 =0,

—4dxy + x3 = 4,
8£E2 - 41‘3 =4.
Updated matrices:
1 2 1 0
AP =0 —4 1|, D=4, mau=1, mu=2
0 8 —4 4

Subtract —2 x equation 2 from equation 3:

T, + 229 + 23 =0,

741‘2 + I3 = 47
—2x3 = 12.
Final upper triangular form:
1 2 1 0
A =10 -4 1|, ®=]4 Mgy = —2
0 0 -2 12

The solution is:

8 LU decomposition

If a n x n matrix A can be factorized into A = LU, where L is a lower triangular matrix with 1 as its diagonal
entries, and U is a upper triangular matrix, such decomposition is called LU decomposition.
We will see that the sequence of row operations that transforms A to U is equivalent to left-multiplying by a matrix
F', so that
FA=U, Ux=Fb.



To see this, note that step k of Gaussian elimination can be written in the following form

1 0 ()
0
A+ — p) gk - p(kt1) — pR)(E)  where FO) = 1
: —MEk41,k .
0
0 S (|

Multiplying by F(*) has the effect of subtracting m;;, times row k from row i, for i = k 4+ 1,...,n.

Example
You can check in the earlier example that
1 0 0 1 2 1 1 2 1 1 2 1
FYA=1-1 1 1 -2 2 |=|1-11) —2-1(2) 2-1(1) | = —4 1 | =4O,
—2 0 1) \2 12 -2 2-2(1) 12-22) -2-2(1) 0 8 -4
Example
1 0 0 2 1 1 2 1 1 2 1
FPAD =10 1 0 —4 1 |=1]o0 —4 1 =]0 -4 1 |=4®0=U
0 2 1 8 —4 0 8+4+2(—4) —4+2(1) 0 0 -2

It follows that U = AW = pn=1) p(n=2) .. p(1) 4,

Now the F(*) are invertible, and the inverse is just given by adding rows instead of subtracting:

1 0 0
0
(P = 1
ME+1k
0
0 -+ Mmpp - 0 1

So we could write A = (FM)~1(F@G)~1... (F(r=1)-1,

Since the successive operations don’t ”interfere” with each other, or by direct computation, we can write

1 0 ... o ... 0
ma1 1
(FD)=L(F@)=1.. (p-b)=1 _ | 731 15,2 1 E =
Mg Mas Maz ' ;
1 0
Mp,1 Mp2 Mp3 - Mp,n—1 1

Thus we have established the LU decomposition.



The system Az = b becomes LUz = b, which we can readily solve by setting Uz = y. We first solve Ly = b for y,

then Uz = y for x. Both are triangular systems.

Example

Solve the same question as before by LU decomposition.

1 2 1)\ (m
1 -2 2 ||a|=
2 12 -2/ \a

=~ s O

We apply Gaussian elimination as before, but ignore b (for now), leading to

1 2 1
U=[0 -4 1
0 0 -2

Example

As we apply the elimination, we record the multipliers so as to construct the matrix

1 0 0
L=1]1 1 0
2 -2 1
Thus we have the decomposition
1 2 1 1 0 O 1 2 1
1 -2 2 |=(f1 1 O 0 —4 1
2 12 -2 2 -2 1 0 0 -2

With the matrices L and U, we can readily solve for any right-hand side b. We illustrate for our particular b.

Firstly, solve Ly = b:

1 0 Y1 0
1 1 0| ]|y|=14 = y1=0, y=4—y1=4, yz3=4-—2y + 2 =12
2 —2 1) \ys 4

1 5
—4 1 X9 = 4 — 1732—6, $2:—Z(4—$3)=—§, $1:—212—$3:11.

9 Pivoting

Gaussian elimination and LU decomposition will both fail if we hit a zero on the diagonal. But this does not

mean that the matrix A is singular.



Example

The system

0 3 T
2 0

0 0

= o O

3
X9 = 2
I3 1

obviously has solution x; = 2 = 3 = 1. But Gaussian elimination will fail because aﬁ) = 0, so we cannot

calculate mo; and msq.

However, we could avoid the problem by changing the order of the equations to get the equivalent system

T

i) =

— W N

2 0
0 3
0 0

= o O

T3

Now there is no problem with Gaussian elimination.
Swapping rows or columns is called pivoting. It is needed if the pivot element is zero, as in the above example. But

it is also used to reduce rounding error.

Example

Consider the system

107% 1\ (21 (1
-1 2/ \x) \1)
1. Using Gaussian elimination with exact arithmetic gives
mor = —10%, afy =2+10%, Y =1+ 10%

So backward substitution gives the solution

= 0.9998.

14104 1— 14104 104
By= o S R <1 2 )

= gyq0r - 09999 m=—r T94+10f) T 24107

2. Now do the calculation in 3-digit arithmetic. We have
mo1 = A(—10%) = —10%, a{2) =A(2+10%) = 10%, P =A(1 + 10%) = 10%.

Now backward substitution gives

14
x2=ﬂ<184) =1, z;=(10*(1-1))=0.

The large value of ms; has caused a rounding error which has later led to a loss of significance during

the evaluation of x;.

3. We do the calculation correctly in 3-digit arithmetic if we first swap the equations,

-1 2\ () [1
1074 1) \ao) \1)°
Now, may = fi(—1074) = =104, a{) =A(1+104) =1, ¥ =A(141074) =1, and

oy =1l (i) =1, z =f(-[1-21)]) =1

Now both z; and x5 are correct to 3 significant figures.




10 Orthogonality

Recall that the inner product between two column vectors z,y € R™ is defined as

n

zoy=a'y=>Y zpy.
k=1

This is related to the 2-norm since ||z||2 = VzTx. The angle # between x and y is given by
Ty = ||z2]ly]l2 cos .

Two vectors x and y are orthogonal if 2Ty = 0.
Let S = {x1,72,...,2,} be a set of n vectors. Then S is called orthogonal if 2/ z; = 0 for all 4,5 € {1,2,...,n}
with i # j.

11 Discrete least-squares problem

In this section, we are interested in cases where A is an m X n rectangular matrix with m > n, then the linear
system Ax = b is overdetermined and will usually have no solution. But we can still look for an approximate solution.
The discrete least-squares problem is to find x that minimizes the 2-norm ||Ax — b||5.

To solve the problem, it is useful to think geometrically. The range of A, written range(A), is the set of all possible
vectors Ax € R™, where x € R™. This will only be a subspace of R™, and in particular it will not, in general, contain

b. We are therefore looking for € R™ such that Ax is as close as possible to b in R™ (as measured by the 2-norm

distance).
A b
r=Ax —b
_f"lﬂf
-
range(A)
The distance from Ax to b is given by ||r|l2 = ||Ax — bl|2. Geometrically, we see that [|r||2 will be minimized by

choosing r orthogonal to Ax, i.e.,
(Ax)T(Ax —b) =0 <= x'(ATAx - ATb)=0.
This will be satisfied if x satisfies the n X n linear system
ATAz = ATb.

Note that AT A is a n x n matrix, so we can solve the system with methods introduced before.



Example

Fit a least-squares straight line to the data f(—3) = f(0) =0, f(6) = 2.
Here n = 1 (fitting a straight line) and m = 2 (3 data points), so g = —3, 1 = 0 and z3 = 6.

The overdetermined system is

and the normal equations have the form
3 mo+art+a2) o) _ f(zo) + f(x1) + f(22)
zo+x 4tz xp+aitai) \a zof(wo) + w1 f(21) + w2 f(22)
3 3 Co 2 Co %
3 45 c1 12 c1 %
3 5

So the least-squares approximation by straight line is p;(x) = - + ﬁx

12 Eigenvalues and eigenvectors

Let A be a n x n matrix over R. A nonzero vector v € R" is called an eigenvector of A if Av = A\v for some

scalar A\. The scalar )\ is called the eigenvalue of A that corresponds to the eigenvector v.

Example

1 3 -1 3
Let A= , v = , and vy = .
4 2 -1 4
. 1 3\ (-1 —2 1 . , .
Since Av; = (4 2) ( 1) = ( ) ) = -2 < 1) = —2vy, vy is an eigenvector of A. Here Ay = —2 is the

eigenvalue corresponding to v;. Furthermore,

()0

and so vg is an eigenvector of A with the corresponding eigenvalue Ao = 5.

Theorem and Proof

Let A be an n x n matrix over R. Then a scalar A is an eigenvalue of A if and only if det(A — AI,,) = 0.
Proof. A scalar A is an eigenvalue of A if and only if there exists a nonzero vector v € R™ such that Av = v,
that is, (A — AL,)(v) = 0. This is true if and only if A — AI,, is not invertible. However, this result is equivalent
to the statement that det(A — AIL,) = 0. The polynomial f(t) = det(A — tI,,) is called the characteristic
polynomial of A.

Example

To find the eigenvalues of A, we compute its characteristic polynomial:

1

1-1¢
det(A — tly) = det <
4 1—t¢

>:t2—2t—3:(t—3)(t+1)-

It follows from theorem that the only eigenvalues of A are 3 and —1.

10



Part B: Basic Questions‘

1. Consider the vectors a = (1,-2,3)T, b= (2,0,—1)", and ¢ = (0,1,4)". Find the 1-norm, 2-norm and infinity-

norm of a, b and ¢. Verify that for a single vector z, the norms satisfy the ordering ||z||; > [|z|l2 > ||% co-

01
2. Let A = (3 O>- Measured by the 2-norm, a unit vector in R? has the form z = (cos#,sinf)’. Then

in 6
Ax = < S ) Use this fact to find ||A2-

3cosf
-7 3 -1
3. For the matrix A= | 2 4 5 |, find the value of ||Al|; and ||A||w.
-4 6 0

4. Use Gaussian elimination to solve the following systems of linear equations.

T+ 2x9 —x3 = —1
(a) 21’1 + 21’2 —+ T3 = 1
3r1 + dxg — 223 = —1

T — 29 —x3 =1
201 —3x2+2x3 =06
3x1 — Db =7
1+ 5r3 =9

1+ 222+ 224 =6

3x1 + 5xo —x3 + 614 = 17
2x1 +4x0 + x3 + 214 = 12
201 — Txg + 11z, =7

T — To — 23 + 3x4 = —63
21’1 — T2 +61’3 +6£L‘4 =-2

—2x1 + 29 — 43 — 34 =0

3r1 — 229 + 9x3 + 1024 = =5

5. et A=13 8 14| =LU where L=|Ly; 1 0] andU = 0 Uy Uss
2 6 13 L31 Lz 1 0 0 Uss
(a) Find the LU decomposition by direct matrix multiplication.
(b) Find the LU decomposition by Gauss elimination.
: . . . -2 1
6. Find all eigenvalues and eigenvectors of matrix A = 15 L
1 3 0 2
) -1 1 0 -1
7. Solve Ax = b in the least-squares sense, where A = 0 o ) b= )
0 2 -1 2

11



Part C: Advanced Questions‘

by <
az by C2

8. Consider the following tridiagonal matrix A =

Gnp—1 bn— 1 Cp—1

an by,
(a) What is the LU decomposition of A?
4 -1 T 2
-1 4 -1 T2 6
(b) Using the result above, solve the following linear system, -1 4 -1 z3 | =10
-1 4 -1 Ty 6
-1 4 T5 2

9. Let A be an n x n square matrix such that A~! exists. Prove: if A is an eigenvalue of A, then % is an eigenvalue
of A71,

12



Part D: Solutions‘

lali=1+2+3=6 [bi=2+0+1=3 |c|i=0+1+4=5
lala=vVI+44+9~374 [bla=vVA+0+1~224 |c|la=v0+1+16~4.12

la]loo = max{1,2,3} =3 |[|b]lcc = max{2,0,1} =2 ||¢[|cc = max{0,1,4} =4.

2.
.2 2\ 1/2 2 ) 1/2
lA]l2 = HnﬁaxlﬂAa:Hg:mgx (sin® @ + 9 cos” 0) = max (1+8cos”0) " =3.
Z||2=
3.
lA]l1 = max{13,13,6} =13, ||Alc = max{11,11,10} = 11.
4. Gaussian elimination process is following;:
(a)
1 2 —-1|-1 2 -1 -1 1 2 -1 -1
0 -2 31| 3 10 1 —-15|-15|—=| 0 1 —-15|-15
0o -1 1 2 0 -1 1 2 0 0 —0.5| 0.5
IE1:4
The final solution is given by < zo = —3
333:—1
(b)
1 -2 —-1|1 1 -2 —-1|1 1 -2 —-1]1
2 =3 6 0 1 3 |4 0 1 3 |4
— —
3 =5 7 0 1 3 |4 0 0 010
1 0 9 0 2 6 |8 0 0 010
1 =9—5a
The final solution is given by < 250 =4 — 3¢ ,foralla € R
I3 = a
(c)
1 2 0 6 1 2 0 2|6 1 2 0 2|6
0 -1 -1 -1 0 -1 -1 0 |-1 0 -1 -1 0 |-1
— —
0o 0 1 -=2]0 0 0 1 =2|0 o 0 1 -=2]0
0 -4 -7 7 |-5 0o 0 -3 7 o 0 0 1 |-1
£L‘1:2
(E2:3
The final solution is given by
373:—2
334:—1
(d)
1 -1 -2 3| —63 1 -1 -2 3| -63 1 -1 -2 3 —63
0 1 10 0| 124 0 1 10 0] 124 0 1 10 0 124
— —
0 -1 -8 3|-126 0 0 2 3| -2 o 0o 2 3 | -2
0 1 15 1| 184 0 0 5 1] 60 0 0 0 —-6.5]| 65

13



5.

Ty = —16
The final solution is given by

T3 = 14

Ty = —10

(a) Multiplying out LU and setting the answer equal to A gives

Lo Uiy Lo Ui + Usa Lo1Uiz + Uas =13 8 14
L31Uin L31Uig + LagUse  L31Uiz + LaaUas + Uss 2 6 13

From this, we get
Un=1 Uix=2 Uiz=4

Now consider the second row, we get

Ly =3, Ux=2, Uy3=2

1 2 4 1 00 1 2
Solving the rest unknowns, weget A=|[3 8 14| =3 1 0 0 2
2 6 13 2 1 1 0 0

(b) With Gauss elimination, we will get the same result.

—2 1 1 2
N ot oy (2 1
12 -3 0 1 12 —3-)

det(A— X)) =0

Solve the equation

Thus, the eigenvalues are: A\; = 1 and Ao = —6.

For \{ = 1:
-3 1
(A-I)v= v _ 0
12 —4 V2

This gives
=31+ =0=v] = (;)
For Ay = —6:
()0
12 3/ \vq
This gives

1
4U1—|—112=O=>VQ:< 4)

1 1
Therefore, the eigenvalues are \; = 1, A, = —6. The corresponding eigenvectors are vy = (3), Vo = ( A

Note that
2 2 0
ATA=12 18 —4
0 —4 2
5
1
Then AT Az = ATb gives that z = [ 1
-1

14



1 0 v €
l2 1 (%) C2
8. (a) By direct LU decomposition, we have A = I3 1 where

Un—1 Cp—1

I, = vz: and vy = by — lgcp—q for k=2,...,n, with v = b;.

(b) For the given system, the LU factorization yields:

1 0 0 0 0 4 -1 0
1 15
11 0 0 0 0 L 1
_ 4 _ 56
L=o -4 1 0o of, v=fo 0o 2 1
15 209
0 ~Loq g 00 o0 2
56 780
0 0 0 -5 1 00 o0 o
Y1 =2

Yo =06+ jy1 = 5

Solving Ly = b via forward substitution: ¢ 33 =0+ %yQ =26 Then solving Ux = y via backward

15
ya =6+ 2y =27
Ys = 2+ 555U1 = 550
56'5:uy7555:1
.134=M=2

U44

substitution: { x4 = ?43:‘75”4 =1
33

Yya2+x3

X9 = . =2

Yitxa 1

xl = Uil

9. Since A is an eigenvalue of A, there is a non-zero n X 1 matrix = satisfying

Axr = \x

Then,
A YAz = A"z

Therefore, .
r=MM"1r > A e = Xx

which completes the proof.

15



